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1 Introduction 

For the arithmetic study of varieties over finite fields powerful cohomolog- 
ical methods are available which in particular shed much light on the na- 
ture of the corresponding zeta functions. These investigations culminated in 
Deligne's proof of an analogue of the Riemann conjecture for such zeta func- 
tions. This had been the hardest part of the Weil conjectures. For algebraic 
schemes over specZ and in particular for the Riemann zeta function no co- 
homology theory has yet been developed that could serve similar purposes. 
For a long time it had even been a mystery how such a theory could look like 
even formally. In these lectures we first describe the shape that a cohomolog- 
ical formalism for algebraic schemes over the integers should take. We then 
discuss how it would relate to conjectures on arithmetic zeta-functions and 
indicate a couple of consequences of the formalism that can be proved using 
standard methods. As it turns out there is a large class of dynamical sys- 
tems on foliated manifolds whose reduced leafwise cohomology has several 
of the expected structural properties of the desired cohomology for algebraic 
schemes. Comparing the arithmetic and dynamical pictures leads to some 
insight into the basic geometric structures that dynamical systems relevant 
for L-functions of varieties over number fields should have. We also discuss 
relations between these ideas on dynamical systems and "Arithmetic Topol- 
ogy" . In that subject one studies analogies between number theory and the 
theory of 3-manifolds. 

The present report was written for a lecture series at the Southwestern 
Center for Arithmetic Algebraic Geometry at the University of Arizona. It 
is mostly based on the papers jTB], and ^S]) properly updated. 

I would like to thank Minhyong Kim very much for the invitation to give 
these lectures. 



2 Geometric zeta- and L-functions 

Consider the Dedekind zeta function of a number field K/^ 

Ck{s) = - Np~')-^ = Na-' for Re s > 1 . 

P a 

Here, p runs over the prime ideals of the ring of integers o = Ox of K. The 
function Ck{s) has a holomorphic continuation to C\{1} with a simple pole 
at s = 1. To its finite Euler factors 

Cp(s) = (1 - Np'T' 

we add Euler factors corresponding to the archimedian places p | oo of X 

. . _ f 2-V2 7r-«/2r(s/2) if p|oo is real 
^P^^^ ~ \ (27r)-"r(s) if p I cx) is complex 

The completed zeta function 

Ck{s) = (Kis) n Cp{s) 
p|oo 

is holomorphic in C \ {0, 1} with simple poles at s = 0, 1 and satisfies the 
functional equation: 

CK{l-s) = \dKr'^'CK{s). 

Here cIk is the discriminant of K over Q. The zeroes of CkIs) are the so 
called non-trivial zeroes of Ca'C*), i-e. those in the critical strip < Re s < 1. 
The famous Riemann conjecture for K asserts that they all lie on the line 
Res = 1/2. 

Apart from its zeroes, the special values of Ck{s), i.e. the numbers Qxin) for 
integers n > 2, have received a great deal of attention. There are two sets of 
conjectures expressing these values in cohomological terms. One by Bloch 
and Kato |8j which has been verified for all abelian extension K/Q, and 
another more recent one by Lichtenbaum 32 . Together with the theory of 
C-functions of curves over finite fields this suggests that the Dedekind zeta 
function should be cohomological in nature. The rest of this article will be 
devoted to a thorough discussion of this hypothesis in a broader context. 

A natural generalization of the Riemann zeta function to the context of 
arithmetic geometry is the Hasse-Weil zeta function Cxi^) of algebraic 
scheme A'/Z 

(;^{s) = n ~ N{x)-')-^ , Res > dimA- 
xe\x\ 
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where \X\ is the set of closed points of X and N{x) is the number of elements 
in the residue field of x. For X = spec Ok we recover the Dedekind zeta 
function of K. It is expected that Cxis) has a meromorphic continuation to 
C and, if X is regular and proper over specZ, that 

has a simple functional equation with respect to the substitution of s by 
dim A" — s. Here Cxoai^) is a certain product of F-factors depending on the 
Hodge structure on the cohomology of = A" R. This functional equa- 
tion is known if X is equicharacteristic, i.e. an Fp-scheme for some p, by 
using the Lefschetz trace formula and Poincare duality for /-adic cohomol- 
ogy- 

The present strategy for approaching Cxis) was first systematically formu- 
lated by Langlands. He conjectured that every Hasse-Weil zeta function is 
up to finitely many Euler factors the product of automorphic L- functions. 
One could then apply the theory of these L-functions which is quite well 
developed in important cases although by no means in general. For X with 
generic fibre related to Shimura varieties this Langlands program has been 
achieved in very interesting examples. Another spectacular instance was 
Wiles' proof with Taylor of modularity for most elliptic curves over Q. 
The strategy outlined in section 3 of the present article is completely differ- 
ent and much closer to the cohomological methods in characteristic p. 
By the work of Deligne it is known that for proper regular X /¥p the 
zeroes (resp. poles) of Cxis) = Cxis) have real parts equal to iy/2 for odd 
(resp. even) integers < < 2 dim A", and one may wonder whether the 
same is true for the completed Hasse Weil zeta function Cxis) of an arbitrary 
proper and regular scheme A'/Z. 

As for the orders of vanishing at the integers, a conjecture of Soule [IHI as- 
serts that for X regular, quasi-projective connected and of dimension d, 
we have the formula 

2n 

(1) OTds=d-nCxis) =Y,i-'^y^' ^^^HX,{X,qin)) . 

i=0 

Here, Hj^iX,Qin)) is the rational motivic cohomology of X which can be 
defined by the formula 

HX^iX,Qin)) = Gv:^^iK2n-^iX)^Q) . 

The associated graded spaces are taken with respect to the 7-filtration on 
algebraic iC-theory. Unfortunately it is not even known, except in special 
cases, whether the dimensions on the right hand side are finite. 
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3 The conjectural cohomological formalism 



In this section we interpret some of the conjectures about zeta-functions in 
terms of an as yet speculative infinite dimensional cohomology theory. We 
also describe a number of consequences of this very rigid formalism that 
can be proved directly. Among these there is a formula which expresses 
the Dedekind (^-function as a zeta-regularized product. After giving the 
definition of regularized determinants in a simple algebraic setting we first 
discuss the formalism in the case of the Dedekind zeta function and then 
generalize to Hasse-Weil zeta functions. 

Given a C-vector space H with an endomorphism G such that H is the 
countable sum of finite dimensional 0-invariant subspaces H^, the spectrum 
sp (0) is defined as the union of the spectra of on Ha, the eigenvalues 
being counted with their algebraic multiplicities. The (zeta-)regularized 
determinant detoo(0 \ H) of @ is defined to be zero if S sp (0), and by the 
formula 

(2) det^{e\H):= J] a := exp(-C^(0)) 

aSsp (e) 

if ^ sp(0). Here 

Cqi{s) = , where — vr < arga < vr , 

O7^aesp(0) 

is the spectral zeta function of 0. For @ to make sense we require that Ce 
be convergent in some right half plane, with meromorphic continuation to 
Re s > —£, for some e > 0, holomorphic at s = 0. For an endomorphism 0o 
on a real vector space Hq, such that = 0o id on = ffg 'X' C satisfies 
the above requirements, we set 

detoo(0ol^^o) =detoo(0|^/') • 

On a finite dimensional vector space H we obtain the ordinary determinant 
of 0. As an example of a regularized determinant, consider an endomor- 
phism whose spectrum consists of the number 1,2,3,... with multiplicities 
one. Then 

oo 

detoo(0 I ^) = n ^ = ^^^^^ "^'(^^ = ~ log\/2^ . 

i/=i 

The regularized determinant plays a role for example in Arakelov theory 
and in string theory. In our context it allows us to write the different Euler 
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factors of zeta-functions in a uniform way as we will first explain for the 
Dedekind zeta function. 



Let TZp for p I oo be the M- vector space of real valued finite Fourier series 
on R/(logiVp)Z and set 



7^p 



IR[cxp(— 2?/)] for real p | oo 
M[cxp(— y)] for complex p | oo 



These spaces of functions (in the variable y) carry a natural M-action cr* via 
= /(y + with infinitesimal generator O = d/dy. The eigenvalues 
of 9 on Cp = 7?.p (g) C are just the poles of Cp{s). 

Proposition 3.1 We have Cp{s) = detoo (^(^ ~ ©) I T^p) ^ for all places p 
ofK. 



Proof Recall the Hurwitz zeta function C{s,z) which is defined for Re s > 1 
and z ^ 0,-1, —2, ... by the series 

oo 

C(s, z) =} — where — tt < argfz + i/) < tt . 

i/=0 ^ ' 

It is known that C(s, z) has an analytic continuation to all s in C \ {1} with 

C(0,^) = J-z and dsC{0,z)=log^r{z) 



for a suitable branch of log :^|^r(z). The latter formula is due to Lerch. 
For a complex number 7 7^ we introduce the function 

00 -j^ 

C^(s, z)=Y^ (^(^ ^ ^^y where - tt < arg7(z + v)<'k . 

If 7 7^ is not a negative real number, than we have 

Arg (7(2; + v)) = Arg7 + Arg {z + v) for almost all > 

where Arg G (— tt, tt] is the prinzipal branch of the argument. Note here 
that 

lim Arg {z + u) = Q and — tt < Arg 7 < tt . 
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Hence we have 

Cj{s,z) =j-^({s,z) 

where ^(s, z) differs from the Hurwitz zeta function in that finitely many 
argument in its definition are possibly nonprincipal. Therefore, we still have 

-1 



C(0, z) = ^^z and exp(-a,C(0, z)) = (^^i^] 



and hence 



C^(0,z) = i-2 and exp(-a,C7(0,^))=V/'-^(^r(z)) ' 



I.e. 



oo , . _i 

In order to calculate Ylu&z^i^ + ^) ^^^^ ^^^^ 

Using the formula 

^ ^ ^ r{z)] ( -^r{-z)) = z(e^^^ - e-'""^) 



z Vv27r / Vv27r 
which follows from the equation: 

r(z)r(i -z) = ^ 

smirz 

we get: 

n, . f l-e-^""'^ if Im7>0 

For p I 00 we have: 



1 - e^'^'^ if Im7 < 



'slog Np 



= n 



^ logATp V 27ri 

/ „ .slogiVp 
1 - exp -27rz ^ ^ 



1/ 



27ri 

l-iVp- = Cp(5)-' 
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for real p | oo on the other hand we find 

/I \ °° 1 

det^l—{s-e)\np] = H ^{s + 2i^) 



u=Q 

oo 



= v/2^'/'r(i)"' = Cp(<.)-' 

Similarly, for complex p | oo we get 

detoof^(.-^)|7^J = n ^(« + -) 



u=Q 

{27rr-h ( ^r{si 



_ /2tt 

= (27rrr(.)-i = Cp(s)-^ 

□ 

In a sense speco = spec o U {p | 00} is analogous to a projective curve X 
over a finite field of characteristic p. For every constructible Q^-sheaf TZ on 
X with I 7^ p one defines the zeta function of X and TZ by the Euler product 
over the closed points x of X 

Cx{s,Ti) = JJdet(l -iV(x)-*Pri|7^^)-^ for Res > 1 . 

X 

Here, TZx is the stalk of 7?. in a geometric point x over a; and Pr^ is the 
Probenius morphism. Using the Grothendieck-Verdier-Lefschetz trace for- 
mula in characteristic p one gets the following cohomological expression for 

2 

i=0 

Here, Frp is the absolute Frobcnius morphism and X = X fS>Wp Fp. This 
formula together with the proposition suggests by analogy that a formula of 
the following type might hold: 

(3) CK(5) = ^detoo(^(5-e)|i^^yJspeco,7^))^"'^^ . 
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Here H^^^{spec o, TZ) = i?*((spec o)dyn, TZ) would be the cohomology of a 
space or Grothendieck site (spec o)dyn corresponding to spec o, with coeffi- 
cients in a sheaf TZ of M-algebras on (spec o)dyn- This cohomology should be 
equipped with a canonical endomorphism 0. 

As recalled earlier C,k{s) has poles only at s = 0, 1 and these are of first 
order. Moreover the zeroes of Ck{s) are just the non-trivial zeroes of C,k{s)- 
If we assume that the eigenvalues of © on ff^yj^(spec o, IZ) are distinct for 
i = 0, 1, 2 it follows therefore that 

• -ffjyjj (specTo , 7^) = M with trivial action of 0, i.e. = 0, 

• ifjyj^(spec 0, 7^) is infinite dimensional, the spectrum of consisting 
of the non-trivial zeroes p of Ck{s) with their multiplicities, 

• i/Jyj^(speco, 7^) ^ R but with = id. 

• For i > 2 the cohomologies if^yj^(spec o, IZ) should vanish. 
Formula ^ implies that 

This formula turned out to be true JH]) Earlier a related formula had 
been observed in [2H1- 

If H is some space with an endomorphism let us write H{a) for H 
equipped with the twisted endomorphism QH{a) = — aid. With this 
notation we expect a canonical "trace" -isomorphism: 

tr:FJyJsp^,7^) ^M(-l) . 

In our setting the cup product pairing 

U : F^y„(speco,7^) x F^;^^ (speco , 7^) Jspeco , 7^) ^ M(-l) 

induces a pairing for every a in C: 

U : /7^y,(si5eco,C)®~° x //^-^(speco^ ^ H%,{s^,Cf-^ - C . 
Here C is the complexification of IZ and ~ a denotes the subspace of 
i/^y„(speco, C) = /7^yn(speco, 1Z)®C 



8 



of elements annihilated by some power of @ — a. We expect Poincare duality 
in the sense that these pairings should be non-degenerate for all a. This is 
compatible with the functional equation of Cftr('S)- ^or the precise relation 
see US] 7.19. 

In the next section we will have more to say on the type of cohomology theory 
that might be expected for H^^^(specd,TZ). But first let us note a nice 
consequence our approach would have. Consider the linear flow A* = exp t@ 
on i/^yj^(spec 0,7^). It is natural to expect that it is the flow induced on 
cohomology by a flow (f)^ on the underlying space (spec o)dyrn i-e. A* = (</>*)*. 
This implies that A* would respect cup product and that would behave as 
a derivation. Now assume that as in the case of compact Riemann surfaces 
there is a Hodge *-operator: 

* : -f^dyn(speco,7^) ^ -H'dyn(speco,7^) , 

such that 

(/, /') = tr(/ U (*/')) for /, /' in i^iyjspeco, 7^) , 

is positive definite, i.e. a scalar product on H^^^{speco,Tl). It is natural to 
assume that (0*)* and hence @ commutes with * on H^^^{spec o,Tl). From 
the equality: 

/i u /2 = e(/i u /2) = e/i u /2 + /i u G/2 

for /i , /2 in -f^dyn (spec o, TZ) we would thus obtain the formula 

(/l,/2) = (e/l,/2) + (/l,G/2), 

and hence that @ = ^ + A where A is a skew-symmetric endomorphism of 
i?^yjj(spec 0,7^). Hence the Riemann conjecture for Ck{s) would follow. 
The formula = ^ -|- ^ is also in accordance with numerical investigations 
on the fluctuations of the spacings between consecutive non-trivial zeroes 
of Ci^)- It was found that their statistics resembles that of the fluctuations 
in the spacings of consecutive eigenvalues of random real skew symmetric 
matrices, as opposed to the different statistics for random real symmetric 
matrices; see |4Uj for a full account of this story. In fact the comparison was 
made between hermitian and symmetric matrices, but as pointed out to me 
by M. Kontsevich, the statistics in the hermitian and real skew symmetric 
cases agree. 

The completion of H]^{spec o, TZ) with respect to (,), together with the 
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unbounded operator Q would be the space that Hilbert was looking for, and 
that Berry (Hj suggested to realize in a quantum physical setting. 

The following considerations are necessary for comparison with the dy- 
namical picture. 

Formula @ is closely related to a reformulation of the explicit formulas in 
analytic number theory using the conjectural cohomology theory above, see 
j26j Kap. 3 and |2Z1 for the precise relationship. 

Proposition 3.2 For a test function if € = Co°(M) define an entire 

function ^{s) by the formula 

= [ ^{t)e*' dt . 
Jr 

Then we have the "explicit formula": 

$(0) - Hp) + ^(1) = - log \dK/Q\m 

p 

+ Y^ogNp lY^iklogNp) + Y Np'^ifiklogNp)] 

pfoo \fc>l fc<-l J 

(4) + Y Wpiif) . 

p| oo 

Here p runs over the non-trivial zeroes of Cxis) i-e. those that are con- 
tained in the critical strip < Re s < 1 . Moreover p runs over the places of 
K and d^/Q is the discriminant of K over Q. For p | oo the Wp are distri- 
butions which are determined by the F-factor at p. If 99 has support in R^'^ 
then 

J —00 ^ 

where = — 1 if p is complex and Kp = —2 if p is real. If if has support on 
R<° then 

There are different ways to write Wp on all of M but we will not discuss 
this here. See for example |^ which also contains a proof of the theorem for 
much more general test functions. 
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Formula © can be written equivalently as an equality of distributions 
on R: 



^e*'' + e* = - log Id 



+ ^logiVp ^5klogNp+ Yl ^P''''^fclogiVp 
pfoo \fc>l k<-l 

(5) + E ■ 

p| oo 

For fixed t, the numbers e*'' should be the eigenvalues of (/>** = exp t© on 
i/jyj^(spec 0, C). Hence e*'' should be the trace of (/)** on this cohomology. 
However this series does not converge for any real t since the numbers e*^ do 
not tend to zero. However, as a distribution on M the series e*^ converges 
since the series Ylpi^^^i^) — Ylp^ip) converges for every test function ip. 
We therefore define the distributional trace of 4>* on H\^J^spec Ok, TV) to be 
the distribution e^f on M. Similarly 1 resp. e* will be the distributional 
trace of (jf on ff^y^j (specTo , 7^) for i = resp. i = 2. Conjecturally © can 
thus be reformulated as the following identity of distributions 

J^(-l)'TV(</>* |/^^yJ^peco,7^)) = -\og\dK/Q\5o 



+ J^logiVp 

log Afp 

pfoo \k>l k<-l 

(6) + E • 

p| oo 

We now turn to Hasse-Weil zeta functions of algebraic schemes X /"L. 
A similar argument as for the Riemann zeta function suggests that with 
d = dim A" we have 

2d / N (-1)'+^ 



(7) Cx{s) = Hdetoo [y^s - 8) I H\^^^^{X,n)\ 



where W^^^^{X^TZ) is some real cohomology with compact supports associ- 
ated to a dynamical system X^y^, i.e. a space or a site with an R-action 
attached to X. Here should be the infinitesimal generator of the induced 
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flow (/) on cohomology. In particular we would have 

2d 

i=0 

Now let A' be a regular scheme which is projective over specZ and equidi- 
mensional of dimension d. Then Poincare duality 

(8) u : //ly,,,(A',7^) X Hl^-\x,n) Hl^,^^{x,n) ^ n-d) 

should identify 

^dyn,c('^,C)®~° with the dual of f2J-'(A',C)®~'^-" . 
In particular we would get: 

2d 



ord,=rf_„a(s) = J^(-ir+MimF^y„(A',C(n))^ 



^e~o 

i=0 

where C(a) is the sheaf C on X with action of the flow twisted by e~"*. Thus 



We also expect formal analogues of Tate's conjecture 

(9) HX^{X,C{n)) := Gr !;i^2n-i W C3 C ^ i/^yj;i^,C(n))®~° 
and in particular that 

W^y^{X,C{n)f^° = fori>2n. 

These assertions would imply Soule's conjecture 

In terms of cohomology, the explicit formulas would take the form 

(10) ^(-lrTV(,/.*|F^y,^,(A',7^))dis 

i 

= -{logAx)do+ logiV(x)^(5fciog;v(x) 

x&\X\ k>l 

+ J2 ^ogN{x) N{x)''6kiogN(x) ■ 

x£\X\ k<-l 

Here is the conductor of X. 

In support of these ideas we have the following result. 
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Theorem 3.3 On the category of algebraic Yp-schemes X there is a coho- 
mology theory in C-vector spaces with a linear flow such that ^ holds. For 
a regular connected projective X of equidimension d it satisfies Poincare du- 
ality Q. Moreover Q reduces to the Tate conjecture for l-adic cohomology. 

See |14| § 2, ^Sj § 4 for more precise statements and the simple construction 
based on Z-adic cohomology. That construction cannot be generalized to 
schemes X which are flat over specZ. 

If there were a dynamical cohomology theory H^y^{X ,TZ) attached to 
some Arakelov compactification X of X such that 

2d . X (-1)'+^ 



Cxis) = Hdetoo (^(s - e) I H\^^{X,n)^ 



then as above Poincare duality for H^^^{X, TV) would be in accordance with 
the expected functional equation for Cxi^)- A Hodge *-operator 

* : Hi^^(x,n) ^ Hl^~\x,n) 

defining a scalar product via (/, /') = tr(/ U (*/')) ^-nd for which 

(11) (j)'^* o* = (e^)'^-' * o(j)^* , i.e. Bo* = *o(d- i + e) , 

holds, would imply that @ — i/2 is skew symmetric, hence the Riemann 
hypotheses for Cx{s)- On the level of forms equation (|11() means that the 
flow changes the metric defining the *-operator by the conformal factor e*. 
However, equation ()11() for forms is a much stronger condition than for 
cohomology classes. 

In we constructed cohomology R- vector spaces H^^ with a linear flow 
on the category of varieties over R or C such that 

CxM= n det^(—{s-e)\Hl{X^)\ 

Cup product and functoriality turn the spaces i?*j.(^%'oo) into modules under 
i?°r('^oo) = i^ar(specR) = 7^oo of rank equal to dimi?*(A'oo, Q). Philosoph- 
ically the scheme X should have bad semistable "reduction" at infinity. In 
accordance with this idea Consani JHI has refined the theory i?*^ to a co- 
homology theory with a linear flow and a monodromy operator which 
contains as the kernel of A^. 



13 



4 Foliations and their cohomology 



A d-dimensional foliation T = Tx of a smooth manifold X of dimension 
a is a partition of X into immersed connected d-dimensional manifolds F, 
the "leaves". Locally the induced partition should be trivial: Every point 
of X should have an open neighborhood \J diffeomorphic to an open ball B 
in R° such that the leaves of the induced partition on \J correspond to the 
submanifolds B n (M'^ x {y}) of B for y in W^'^. 

One of the simplest non-trivial examples is the one-dimensional foliation 
of the two-dimensional torus = M^/Z^ by lines of irrational slope a. 
These are given by the immersions 

M , t^{x^ta, t)mod 1? 

parametrized by xmod TL + oL. In this case every leaf is dense in and 
the intersection of a global leaf with a small open neighborhood IJ as above 
decomposes into countably many connected components. It is the global be- 
haviour which makes foliations complicated. For an introduction to foliation 
theory, the reader may turn to |21] for example. 

Let Tt = IZjr be the sheaf of germs of smooth real valued functions which 
are locally constant on the leaves. We are interested in the cohomology 
groups W{X,1Z). 

To a foliation .7^ on X we may attach its tangent bundle TJ^ whose total 
space is the union of the tangent spaces to the leaves. By local triviality 
of the foliation it is a sub vector bundle of the tangent bundle TX. It is 
integrable i.e. the commutator of any two vector fields with values in TT 
again takes values in TT. Conversely a theorem of Frobenius asserts that 
every integrable sub vector bundle of TX arises in this way. 

On an open subset U oi X the differential forms of order n along the 
leaves are defined as the smooth sections of the real vector bundle A^T*J^, 

^^([/) = r([/, A"r*.F) . 

The same formulas as in the classical case define exterior derivatives along 
the leaves: 

which satisfy the relation d!^^ od^ = 0. 

The Poincare lemma extends to the foliated context and one obtains a 
resolution of TZ by the fine sheaves Ajr'. 

o^n^A%^Al^... 



14 



Hence we have the following de Rham description of the cohomology of TZ: 

H'\X,n) = Ker (d^ : ^^(X) ^ ^^+^(X))/Im (d^"^ : Ay\X) ^ A'jr{X)) . 

For our purposes these invariants are actually too subtle. We therefore 
consider the reduced leafwise cohomology 

i^"(X,7^) = Kerd^/W^ . 

Here the quotient is taken with respect to the topological closure of Inid^"^ 
in the natural Frechet topology on A'^{X). The reduced cohomologies are 
nuclear Frechet spaces. Even if the leaves are dense, already H^{X,TZ) can 
be infinite dimensional, c.f. |2Uj . 

The cup product pairing induced by the exterior product of forms along 
the leaves turns H'{X,TZ) into a graded commutative 7?.)-algebra. 

For the torus foliation above with a ^ Q we have H^{T'^,TZ) = M. Some 
Fourier analysis reveals that H^{T'^ ,TZ) = M. The higher cohomologies 
vanish since by the deRham description we have 

7^) = for all n > d = dim . 

For a smooth map f : X ^ Y of foliated manifolds which maps leaves into 
leaves, continuous pullback maps 

are defined for all n. They commute with dj^ and respect the exterior prod- 
uct of forms. Hence they induce a continuous map of reduced cohomology 
algebras 

r ■.H'{Y,nY)^H'{x,nx) . 

A (complete) flow is a smooth M-action cj) : x X ^ X , (t, x) ^ (/)*(x). It is 
called .F-compatible if every diffeomorphism <j)^ : X ^ X maps leaves into 
leaves. If this is the case we obtain a linear M-action t on H'^{X,TZ) 

for every n. Let 

G : H''{X,n) — > H'^{X,n) 
denote the infinitesimal generator of 0**: 

Qh = lim -((/.** /i - /i) . 

The limit exists and G is continuous in the Frechet topology. As 0** is an 
algebra endomorphism of the R-algebra H'{X,TZ) it follows that G is an 
M-linear derivation. Thus we have 

(12) G(/ii U /is) = G/ii U /i2 + /ii U Q/i2 
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for all hi,h2 in H'^{X,n). 

For arbitrary foliations the reduced leafwise cohomology does not seem 
to have a good structure theory. For Riemannian foliations however the 
situation is much better. These foliations are characterized by the existence 
of a "bundle-like" metric g. This is a Riemannian metric whose geodesies are 
perpendicular to all leaves whenever they are perpendicular to one leaf. For 
example any one-codimensional foliation given by a closed one-form without 
singularities is Riemannian. 

Assuming that X is also oriented, the graded Frechet space A'jr{X) car- 
ries a canonical inner product: 

(a,/5) = / (a,/3):FVol . 
Jx 

Here (, )jf is the Riemannian metric on A*T*jr induced by g and vol is the 
volume form or density on X coming from g. Let 

denote the Laplacian using the formal adjoint of djr on X. Since JF is 
Riemannian the restriction of Ayr to any leaf F is the Laplacian on F with 
respect to the induced metric jlj Lemma 3.2, i.e. 

{Ajra)\F = Apialp) foi all a e A'jr{X) . 

We now assume that also TJ^ is orientable. Via g the choice of an orientation 
determines a volume form voljr in Ajr{X) and hence a Hodge *-operator 

*:f ■■ A"r;j^ ^ A'^-''T*T for every xinX . 
It is determined by the condition that 

V A *jrw = {v, w)jr voljF^a; for Tj, w in A'T*J^ . 
These fibrewise star-operators induce the leafwise *-operator on forms: 

*r ■■ A^'riX) ^ ^^-"(X) . 

We now list some important properties of leafwise cohomology. 

Properties Assume that X is compact, J- a d-dimensional oriented 
Riemannian foliation and g a bundle-like metric for T. 

Then the natural map 

(13) KerA^^i^"(A,7^) , — > l<j mod 
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is a topological isomorphism of Frechet spaces. We denote its inverse by TC. 

This result is due to Alvarez Lopez and Kordyukov 1 . It is quite deep 
since Ayr is only elliptic along the leaves so that the ordinary elliptic regu- 
larity theory does not suffice. For non-Riemannian foliations does not 
hold in general [50] . All the following results are consquences of this Hodge 
theorem. 

The Hodge *-operator induces an isomorphism 

*^:KerA^^KerA^-" 

since it commutes with Ajr up to sign. From we therefore get isomor- 
phisms for all n: 

(14) *^ : -H'" {X, 7^) ^ H'^-'^ {X, 7^) . 

For the next property define the trace map 

tr : H^{X,n) — >M. 

by the formula 

tr(/i) = / *^(W(/i))vol . 

It is an isomorphism if T has a dense leaf. Note that for any representative 
a in the cohomology class h we have 



tr(/i) = / *jf(q)vo1 . 
Jx 

Namely a — TC{h) = and 

/ *^(d^/3)vol = ± I d^(*^/5)vol 
Jx Jx 

= ±(l,d^(*^/3)) 

= ±(a!^(l),*^/3) 

= . 

It is not difficult to see using l^l'A^ that we get a scalar product on H^{X,TZ) 
for every n by setting: 

(15) ih,h') = tr(/iU*^/i') 

(W(/i),W(/i'))^vol. 

X 
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It follows from this that the cup product pairing 

(16) U : ^"(X, 7^) X ^'^-"(X, U) H'^{X, 7^) ^ R 
is non-degenerate. 

Next we discuss the Kiinneth formula. Assume that Y is another com- 
pact manifold with a Riemannian foliation. Then the canonical map 

H''{x,n) H"'{Y,n) — ^ X Y,n) 

induces a topological isomorphism |35j : 

(17) H'^{x,n)®H"'{Y,n) ^ i?"+™(x X y,7^) . 

Since the reduced cohomology groups are nuclear Frechet spaces, it does not 
matter which topological tensor product is chosen in H17|) . The proof of this 
Kiinneth formula uses (|ll-{|) and the spectral theory of the Laplacian Ajf. 

Before we deal with more specific topics let us mention that Hodge— 
Kahler theory can also be generalized to the foliated context. A complex 
structure on a foliation T is an almost complex structure J on T!F such 
that all restrictions J\f to the leaves are integrable. Then the leaves carry 
holomorphic structures which vary smoothly in the transverse direction. A 
foliation T with a complex structure J is called Kahler if there is a hermitian 
metric h on the complex bundle T^J- = {TJ^, J) such that the Kahler form 
along the leaves 

UJjr = --imh £ A'jr{X) 

is closed. Note that for example any foliation by orientable surfaces can be 
given a Kahlerian structure by choosing a metric on X, c.f. Lemma 
A.3.1. Let 

: H'^iX^n) H''+\X,n) , L:f{h) = /i U [w^] 

denote the Lefschetz operator. 

The following assertions are consequences of (|13|) combined with the 
classical Hodge-Kahler theory. See |22j for details. Let X be a compact ori- 
entable manifold and J- a Kahlerian foliation with respect to the hermitian 
metric h on TcJ-'. Assume in addition that J- is Riemannian. Then we have: 

(18) ^"(X, 7^) C = where = H'^p . 

p+q=n 
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Here H'^'^ consists of those classes that can be represented by (p, g)-forms 
along the leaves. Moreover there are topological isomorphisms 

with the reduced cohomology of the sheaf of holomorphic p-forms along the 
leaves. 

Furthermore the Lefschetz operator induces isomorphisms 

(19) : H'^-\X, n) ^ H'^+\X, TZ) for < i < d . 

Finally the space of primitive cohomology classes 7?.)prim carries the 

structure of a polarizable indR-Hodge structure of weight n. 

After this review of important properties of the reduced leafwise coho- 
mology of Riemannian foliations we turn to a specific result relating flows 
and cohomology. This is a kind of toy model for the dynamical cohomologies 
in the preceeding section. The existence of a conformal metric for the flow 
simplifies the analysis. However, I do not think that such a metric will exist 
for dynamical systems relevant to number fields. In order to verify equation 
(jllj) for them one will need the Kahler identities on cohomology. 

Theorem 4.1 Let X be a compact 3-manifold and T a Riemannian foli- 
ation by surfaces with a dense leaf. Let be an J^- compatible flow on X 
which is conformal on with respect to a metric g on TT in the sense 
that for some constant a and all x G X and t £M we have: 

(20) g{T,^\v),T,<j)\w)) = e'''g{v,w) for aUv,w £ T^T . 
Then we have for the infinitesimal generator of that: 

e = onH^{X,n) = R and G = a on ^^(X, 7^) ^ M . 
On (X, TZ) the operator has the form 



where S is skew- symmetric with respect to the inner product (, ) above. 

Remark For the bundle-like metric on X required for the construction of 
(, ) we take any extension of the given metric on TJ^ to a bundle- like metric 
on TX. Such extensions exist. 
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Proof of l4.1I Because we have a dense leaf, H^{X,Tl) = H^{X,Tl) consists 
only of constant functions. On these (f)^* acts trivially so that = 0. Since 

*^ : M = H°{X,TZ) H^{X,TZ) 

is an isomorphism and since 

0**(*^(l))=e"*(*^l) 

by conformality, we have = a on (X, TZ) . 
For hi, /i2 in H^{X,TZ) we find 

(21) a{hi U h2) = @{hi U /i2) = @hi U /i2 + /ii U 6/12 . 

By conformality commutes with *jf on H^{X,n). Differentiating, it 
follows that Q commutes with *jp as well. Since by definition we have 

{h,h') = tr(/iU for h,h' G i^^(X,7^) , 

it follows from (PT|) that as desired: 

a{h,h') = {eh,h') + {h,Qh') . 

□ 

5 Dynamical Lefschetz trace formulas 

The formulas we want to consider in this section relate the compact orbits 
of a fiow with the alternating sum of suitable traces on cohomology. A 
suggestive but non-rigorous argument of Guillemin later rediscovered by 
Patterson |37j led to the following conjecture [S] § 3. Let X be a compact 
manifold with a one-codimensional foliation and an .F-compatible flow (j). 
Assume that the fixed points and the periodic orbits of the flow are non- 
degenerate in the following sense: For any flxed point x and every t > 0, the 
tangent map Tx4>^ has eigenvalues different from 1. For any closed orbit 7 of 
length /(7) and any x G j and integer k ^ the automorphism Tx4>''^^"'^ of 
T^X should have the eigenvalue 1 with algebraic multiplicity one. Observe 
that the vector fleld generated by the flow provides an eigenvector .j, 
for the eigenvalue 1. 

Recall that the length /(7) > of 7 is defined by the isomorphism: 

M//(7)Z ^ 7 , 1 1 — > (j)\x) . 
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For a fixed point x we set 

= sgn det(l - T^^' \ T^T) . 

Tliis is independent of t > 0. For a closed orbit 7 and A; G Z \ set^ 

e^{k) = sgn det(l - T.^'^'W | T.X/Ey^,,) . 

It does not depend on the point x G 7. 

Finally let T)' [J) denote the space of Schwartz distributions on an open 
subset J of M. 

Conjecture 5.1 For X^T and cj) as above there exists a natural definition 
of a T>' (M?'^) -valued trace ofcp* on the reduced leafwise cohomology H'{X,TZ) 
such that in we have: 

(22) 

dim 00 

{-irTt{<^*\H-{X,n)) = Y^l{j)Y^e.,{k)6ki(^^^+Y,ex\l-e^^r' . 

n=0 7 k=l X 

Here 7 runs over the closed orbits of (j) which are not contained in a leaf 
and X over the fixed points. For a G M, (5a is the Dirac distribution in a 
and Kx is defined by the action of T^ctf on the 1-dimensional vector space 
TxX/TxJ-. That action is multiplication by e'^"'* for some G M and all t. 

The conjecture is not known (except for dimX = 1) if has fixed points. 
It may well have to be amended somewhat in that case. The analytic dif- 
ficulty in the presence of fixed points lies in the fact that in this case Ajf 
cannot be transversally elliptic to the R-action by the flow, so that the 
methods of transverse index theory do not apply directly. In the simpler 
case when the flow is everywhere transversal to Alvarez Lopez and Ko- 
rdyukov have proved a beautiful strengthening of the conjecture. Partial 
results were obtained by other methods in [20], [^. We now describe their 
result in a convenient way for our purposes: 

5.2 Assume X is a compact oriented manifold with a one codimensional 
foliation Let (/> be a flow on X which is everywhere transversal to the 
leaves of J-. Then T inherits an orientation and it is Riemannian [2^ III 
4.4. Fixing a bundle-like metric the cohomologies H'^{X,TZ) acquire pre- 
Hilbert structures H15|) and we can consider their Hilbert space completions 
H^(X, TZ). For every t the linear operator </>** is bounded on [H'^{X, TZ), \\ ||) 
and hence can be continued uniquely to a bounded operator on H''^{X,TZ) 
c.f. theorem 15.41 

^This is different from the normalization in )lti) §3. 
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By transversality the flow has no fixed points. We assume that all peri- 
odic orbits are non-degenerate. 

Theorem 5.3 ([2]) Under the conditions of \5.l^) . for every test function 
if G V{R) = C^(M) the operator 

A^= ^{t)(t)^* dt 
Jr 

on H^{X,TZ) is of trace class. Setting: 

Tr(,/.*|F"(X,7^))((/J) =trA^ 

defines a distribution on M. The following formula holds in I?'(M).' 
(23) 

dim J'-" 

J^(-lrTr(</>*|^"(X,7^)) = xco(^,//)5o + ^/(7) ^7(^)'^HW 

n=0 7 keZ\0 

Here xcoi^^fj) denotes Connes' Euler characteristic of the foliation with 
respect to the transverse measure fi corresponding to tr. (See ^33].) 

It follows from the theorem that if the right hand side of ()23() is non-zero, 
at least one of the cohomology groups H^{X) must be infinite dimensional. 
Otherwise the alternating sum of traces would be a smooth function and 
hence have empty singular support. 

By the Hodge isomorphism ()13() one may replace cohomology by the 
spaces of leafwise harmonic forms. The left hand side of the dynamical 
Lefschetz trace formula then becomes the P'(M)-valued transverse index of 
the leafwise de Rham complex. Note that the latter is transversely ellip- 
tic for the M-action 0*. Transverse index theory with respect to compact 
group actions was initiated in 4 . A definition for non-compact groups of a 
transverse index was later given by Hormander Appendix II. 

As far as we know the relation of ()23|) with transverse index theory in 
the sense of Connes-Moscovici still needs to be clarified. 

Let us now make some remarks on the operators (/>** on H'"'(X,TZ) in a 
more general setting: 

Theorem 5.4 Let T he a Riemannian foliation on a compact manifold X 
and g a bundle like metric. As above H'"'{X,TZ) denotes the Hilhert space 
completion of H^{X,TZ) with respect to the scalar product MS}) . Let be 
an !F-compatible flow. Then the linear operators </>** on H^{X,TZ) induce a 
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strongly continuous operator group on H^{X,TZ). In particular the infinites- 
imal generator exists as a closed densely defined operator. On H'^{X,TZ) 
it agrees with the infinitesimal generator in the Frechet topology defined ear- 
lier. There exists u; > such that the spectrum of Q lies in —uj < Res < uj. 
If the operators 0** are orthogonal then T = —i@ is a self-adjoint operator 
on H^(X, TZ) ® C and we have 

(p^* = exp t© = exp itT 

in the sense of the functional calculus for (unbounded) self-adjoint operators 
on Hilbert spaces. 

Sketch of proof Estimates show that \\(f)** \\ is locahy uniformly bounded 
in t on ^"(X,7^). Approximating h G H"-{X,n) by G H'^{X,n) one 
now shows as in the proof of the Riemann-Lebesgue lemma that the func- 
tion t ^ 4f*h is continuous at zero, hence everywhere. Thus defines 
a strongly continuous group on {X, TZ) . The remaining assertions fol- 
low from semigroup theory ^^1) Ch. VIII, XII, and in particular from the 
theorem of Stone. 

We now combine theorems 14. II and 1^711 to obtain the following corol- 
lary: 

Corollary 5.5 Let X be a compact 3-manifold with a foliation T by surfaces 
having a dense leaf. Let (j)^ be a non- degenerate T-compatible flow which is 
everywhere transversal to T . Assume that is conformal as in I120\) with 
respect to a metric g on TT. Then has pure point spectrum Sp^(G) on 
H^{X,TZ) which is discrete in M and we have the following equalities of 
distributions on M; 

2 

(24) ^(-l)^Tr(,/.* I H\X, 7^)) = 1 - Yl + 

i=o pespi{e) 

7 k&Z\0 

In the sum the p's appear with their geometric multiplicities. All p G Sp"'^(0) 
have Kep = ^ . 

Remarks 1) Here e*^,e*° are viewed as distributions so that evaluated 
on a test function ip G P(M) the formula reads: 
(25) 

m- E + ^(«) = XCo(^, /x)v9(0) + E ^(7) E ^7(^)V'(^H7)). 

pespi{e) 7 feez\o 
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Here we have put 

= [ e*'^{t)dt . 
Jr 

2) Actually the conditions of the corollary force a = i.e. the flow must be 
isometric with respect to g. We have chosen to leave the a in the fomulation 
since there are good reasons to expect the corollary to generalize to more 
general phase spaces X than manifolds, where a ^ becomes possible i.e. 
to Sullivan's generalized solenoids. More on this in the next section. 

3) One can show that the group generated by the lengths of closed orbits is 
a finitely generated subgroup of M under the assumptions of the corollary. 
In order to achieve an infinitely generated group the flow must have fixed 
points. 

Proof of 15. 51 Bv 14.11 1^31 we only need to show the equation 

(26) TT{^'*\H\X,n)) = Yj 

pGSpi(e) 

and the assertions about the spectrum of Q. As in the proof of l4.1l one sees 
that on H^{X,TV) we have 

/i,</.**/i') = e"\h,h') . 
Hence e~^^(p^* is orthogonal and by the theorem of Stone 

T = -iS 

is selfadjoint on H^{X,n) C, if G = f + S". Moreover 

e-fV** = expitr , 

so that 

(27) (/)** = expte. 

In [22 proof of 2.6, for isometric flows the relation 

was shown. Using the spectral theory of the ordinary Laplacian on 1- 
forms it follows that G has pure point spectrum with finite multiplicities on 
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H^{X,TZ) = ker and that Sp"'^(0) is discrete in M. Alternatively, without 
knowing a = 0, that proof gives: 

This also implies the assertion on the spectrum of on H^(X,TZ). □ 

Remarks a Writing the eigenvalues /) of on H^{X,TZ) in the form 
p = ^ + ir, the proof shows that the numbers are contained in the 
spectrum of the ordinary Laplacian = A^ on 1-forms on X. Here g is 
any extension of the metric g on TJ^ to a bundle- like metric on TX. One 
may wonder whether there is a corresponding statement for the zeroes of 
Cxis): Are the squares of their imaginary parts contained in the spectrum 
of suitable Laplace-Bertrami operators on 1-forms? 

b In more general situations where may not have a pure point spectrum 
on H^{X,TZ) but where e~"2(/)** is still orthogonal, we obtain: 



{TT{(t>*\H'{X,n)),^) = ^ ^{p)+ I ^X)m{\)dX 

peSpi(e)point 

where m(A) > is the spectral density function of the continuous part of 
the spectrum of 0. 



6 Comparison with the "expUcit formulas" in an- 
alytic number theory 

Consider a number field K/Q. Formula (|22() restricted to M^*^ implies the 
following equality of distributions on M.^^: 

2 

(28) ^(-l)'Tr(,/)*|F^yJspeco,7^)) = l- + ^* 

C/f(p)=o 

00 

= ^logiVp^4iogJVp + 5](l-e^^*)-^ 

pfoo k=l p 1 00 

This fits rather nicely with formula ()24() and suggests the following analogies: 



25 



spec O/f U {p I cxd} = 3-dimensional dynamical system (X, with 

a one-codimensional foliation T satisfying the 

conditions of conjecture 
finite place p = closed orbit 7 = 7p not contained in a leaf and 

hence transversal to T such that /(7p) = log A^p 

and e-Yp (/c) = 1 for all fc > 1. 
infinite place p = fixed point Xp such that k^^ = Kp and e^^ =1- 

/^^yJspeco,7^) = H\x,n) 

In order to understand number theory more deeply in geometric terms 
it would be very desirable to find a system (X, , which actually re- 
alizes this correspondence. For this the class of compact 3-manifolds as 
phase spaces has to be generalized as will become clear from the following 
discussion. 

Let us compare formula on all of R with formula (|24|) in Corollary 
15.51 This corollary is the best result yet on the dynamical side but still only 
a first step since it does not allow for fixed points which as we have seen 
must be expected for dynamical systems of relevance for number fields. 

Ignoring the contributions Wp from the infinite places for the moment 
we are suggested that 

(29) - log \dKiQ\ = XCo{^, ■ 

There are two nice points about this analogy. Firstly there is the following 
well known fact due to Connes: 

Fact 6.1 Let T he a foliation of a compact 3-manifold by surfaces such that 
the union of the compact leaves has ^-measure zero, then 

XCo(^,/x) <0. 

Namely the non-compact leaves are known to be complete in the induced 
metric. Hence they carry no non-zero harmonic L^-functions, so that Connes' 
0-th Betti number /?o(J^, /x) = 0. Since (52{J^-,^i) = I3q{!F,^) it follows that 

XCo [J", At) = Po [J", At) - P2 (-^, /") 

= -(3i{T,f,)<0. 

The reader will have noticed that in accordance with 16. li the left hand side 
of is negative as well: 

-log|(ii^/Q| <0 foralli^/Q. 
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The second nice point about H29|) is this. The bundle-hke metric g which we 
have chosen for the definition of Ajp and of XCo{J^, induces a holomorphic 
structure of [HHI, Lemma A 3.1. The space X is therefore fohated by 
Riemann surfaces. Let xco{J^,0, n) denote the holomorphic Connes Euler 
characteristic of J-" defined using A^-harmonic forms on the leaves instead of 
A-harmonic ones. According to Connes' Riemann-Roch Theorem Cor. 
A. 2.3, Lemma A 3.3 we have: 

Therefore XCo{^-, O, fx) corresponds to — log ■^JJdx/oi- 

Now, for completely different reasons this number is defined in Arakelov 
theory as the Arakelov Euler characteristic of spec Ok- 



(30) XAr(C specOK ) = " log y' l^^i^/Ql ■ 

See for example. Thus we see that 

XAr (C spec ok ) Corresponds to xco (•^, 0,fi) . 

It would be very desirable of course to understand Arakelov Euler charac- 
teristics in higher dimensions even conjecturally in terms of Connes' holo- 
morphic Euler characteristics. Note however that Connes' Riemann-Roch 
theorem in higher dimensions does not involve the i2-genus appearing in the 
Arakelov Riemann-Roch theorem. The ideas of Bismut 7_ may be relevant 
in this connection. He interpretes the i?-genus in a natural way via the 
geometry of loop spaces. 

Further comparison of formulas © and (|24j) shows that in a dynamical 
system corresponding to number theory we must have a = 1. This means 
that the flow would act by multiplication with e* on the one-dimensional 
space Hjr{X). As explained before this would be the case if were confor- 
mal on TJ^ with factor e*: 

(31) g{T^^\v),T^(l)\w)) = e'g{v,w) for all v,w e T^T . 

However as mentioned before, this is not possible in the manifold setting of 
corollarv 15.51 which actually implies a = 0. 

An equally important difference between formulas © and (|24() is between 
the coefficients of and of 5k\ogNp for A: < —1. In the first case it is ±1 
whereas in the second it is A^p'^ = g'^iog^P which corresponds to e^^^'^\ 
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Thus it becomes vital to find phase spaces X more general than mani- 
folds for which the analogue of corollary 15.51 holds and where a ^ and in 
particular a = 1 becomes possible. In the new context the term £^{k)6ki(^j) 
for k < —1 in formula H24|) should become £^{k)e'^^^^'^'^ 5ki[^y The next sec- 
tion is devoted to a discussion of certain laminated spaces which we propose 
as possible candidates for this goal. 

7 Remarks on dynamical Lefschetz trace formulas 
on laminated spaces 

In this section we extend the previous discussion to more general phase 
spaces than manifolds. The class of spaces we have in mind are the smooth 
solenoids HSj or in other words foliated spaces with totally disconnected 
transversals in the sense of |33| . 

7. 1 We start by recalling the definition of a foliated space with d-dimensional 
leaves in the sense of 133j Cap. II. Consider a separable metrizable topo- 
logical space X with a covering by open sets Ui and homeomorphisms 
(fi : Ui ^ Fi X Ti with Fj open in W^. This atlas should have the fol- 
lowing property 

a The transition functions between different charts ipi and ipj have the 
following form locally where x is the Euklidean and y the transversal coor- 
dinate 

(/?jo93-^(x,y) = {fij{x,y),gij{y)) . 

b All partial derivatives D^fij{x,y) exist and are continuous as functions 
of X and y. 

Two atlases of this kind are equivalent if their union is an atlas as well. A 
foliated space with d-dimensional leaves is a space X as above together with 
an equivalence class of atlases. The coordinate change locally transforms 
the level surface or plaque ip~^{Fi x {y}) to the level surface (pJ^{Fj x {y'}) 
where y' = gij{y)- Hence the level surfaces glue to maximal connected sets 
with a smooth d-dimensional manifold structure. These are the leaves F 
of the foliated space X. Usually we indicate the foliated structure on a 
topological space X by another symbol, e.g. which we also use to denote 
the set of leaves. 

A (generalized) solenoid of dimension a is a separable metrizable space 
X which is locally homeomorphic to a space of the form Li x Tj where Lj 
is an open subset of and Ti is totally disconnected. For such spaces the 
transition functions between charts automatically satisfy condition a since 
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continuous functions from connected subsets of into a totally discon- 
nected space are constant. If X carries a smooth structure, i.e. if we are 
given an atlas of charts whose coordinate changes satisfy condition b, then 
X becomes a foliated space with a-dimensional leaves. For this foliation £ 
the leaves L of £ are the path-connected components of X. 

The two most prominent places in mathematics where (smooth) solenoids 
occur naturally are in number theory e.g. as adelic points of algebraic groups 
and in the theory of dynamical systems as attractors. 

The classical solenoid 

= M = lim(. . . ^ M/Z ^ M/Z ^ . . .) 

is an example of a compact connected one-dimensional smooth solenoid with 
dense leaves diffeomorphic to the real line. 

For a foliated space {X,J^) let TJ^ be the tangent bundle in the sense 
of P- 43. For a point x £ X, the fibre T^J^ is the usual tangent 
space of the leaf through the point x. Morphisms between foliated spaces 
are continuous maps which induce smooth maps between the leaves. They 
induce morphisms of tangent bundles. 

For a smooth solenoid {X, C) we set TX = TC By definition, a Rie- 
mannian metric on X is one on TX. 

7.2 We now turn to cohomology. For a foliated space (X, JF) of leaf dimen- 
sion d consider the sheaf TZ = IZjr of real valued continuous functions which 
are locally constant on the leaves. There is a natural de Rham resolution 

^ 7^ ^ ^ ^ . . . 

by the fine sheaves of differential forms along the leaves. Explicitly 

A'^{U) = T{U,A'T*T) 

for every open subset U of X. Here sections are by definition continuous 
and smooth on the leaves. Hence we have 

^ ' ^ lm{d:F-A!^\X)^A^{X)) 

As before, one also considers the maximal Hausdorff quotient H^{X,TZ) of 
this cohomology, obtained by dividing by the closure of Im dj^ in the natural 
Frechet topology. 



29 



Warning A manifold with a (smooth) fohation is also a foliated space. 
However the sheaves TZ and Ayr are different in the two contexts: In the 
first one demands smoothness also in the transversal direction whereas in 
the second one only wants continuity. 

Now consider an a-dimensional smooth solenoid {X, C) with a one-codi- 
mensional foliation T. By this we mean that X is equipped with a further 
structure J- oi a, foliated space, this time with leaves of dimension d = a — 1 
such that the leaves L oi C are foliated by the leaves F oi T with F <Z L. 
We denote by J-l the induced one-codimensional foliation of L. 

7.3 A flow on X is a continuous M-action such that the induced M-actions 
on the leaves of C are smooth. It is compatible with T if every (j)^ maps 
leaves of J- into leaves of J^. Thus {X,J^, is partitioned into the foliated 
dynamical systems (L,jr^,0*|i) for L £ C Any .F-compatible flow 
induces pullback actions 0** on H'{X,TZjr) and H'{X,TZjr). 

7.4 We now state as a working hypotheses a generalization of the conjec- 
tured dynamical trace formula l5.ll We allow the phase space to be a smooth 
solenoid. Moreover we extend the formula to an equality of distributions on 
M* instead of M^'^. After checking various compatibilities we state a case 
where our working hypotheses can be proved and give a number theoretical 
example. 

7.5 Working hypotheses: Let X be a compact smooth solenoid with a 
one-codimensional foliation T and an .F-compatible flow (j). Assume that the 
fixed points and the periodic orbits of the flow are non-degenerate. Then 
there exists a natural definition of a 2?'(M*)- valued trace of (/>** on H'{X, TZ) 
where TZ = IZjr such that in T>'{W) we have: 

dim 

(32)^(-l^'IV(</>*|F"(X,7^)) = 

n=0 

7 \fc>l k<-l J 

X 

Here 7 runs over the closed orbits not contained in a leaf and in the sums 
over /c's any point x € 7 can be chosen. The second sum runs over the fixed 
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points X of the flow. The distributions Wx on M* are given by: 

WxU>o = e.x 11 - e''"*r^ 



and 

W^,|r<o =e,det(-r,,^*|r,^)|l-e"-l*l|-i . 

Remarks 7.6 0) It may actually be better to use a version of foliation 
cohomology where transversaUy forms are only supposed to be locally 
instead of being continuous. With such a foliation L^-cohomology, Leicht- 
nam j31j has proved certain fixed point free cases of the working hypothesis 
by generalizing the techniques of j^l to the solenoidal setting. 

1) In the situation described in 17.71 below the working hypotheses can be 
proved, c.f. Theorem 17.81 In those cases there are no fixed points, only 
closed orbits. Thus Theorem 17.81 dictated only the coefficients of for 
A; E Z \ 0, but not the contributions from the fixed points. 

2) The coefficients of for A; G Z \ can be written in a uniform way as 
follows. They are equal to: 

det(l - r^</>^'(^) I TxT) ^ det(l - T^cf^'''^^) \ T^T) 
^ ' I det(l - T,</)l^l'(7) I r,X/My^,,)| I det(l - Tx<^\mi) I TxT)\ ' 

Here x is any point on 7. Namely, for /c > 1 this equals e^(/c) whereas for 
A; < — 1 we obtain 

(34) e^(|A:|) det(-T,</.^'W | T^T) = e^(k) \ det(r,0'='W | TxT)\ . 

The expression on the left hand side of (|33|) motivated our conjecture about 
the contributions on M* from the fixed points x. Since Yt^^x = Oj they should 
be given by: 

det(l - r^(/.* I T^.F) ^^^^ 
|det(l -T^(/.l*l |r^X)| 

3) One can prove that in the manifold setting of theorem 15.31 we have 

|det(r,</.^'(^)|r,.F)| = i. 

By ()34|) . our working hypotheses [73] is therefore compatible with formula 
(|23j) . Compatibility with conjecture 15.11 is clear. 

4) We will see below that in our new context metrics g on TT can exist for 
which the flow has the conformal behaviour (|31|1 . Assuming we are in such 
a situation and that T is 2-dimensional, we have: 

I det(T,</.^'(^) I TxT)\ = e*^'(^) for x G 7, A; G Z 
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and 

I det{Tx(/)^ I TxT)\ = e* for a fixed point x . 
In the latter case, we even have by continuity: 

det(r,.</.* I T,.^) = e* , 

the determinant being positive for t = 0. Hence by H34|) the conjectured 
formula reads as follows in this case: 

2 

(35) J](-lrTr(0*|^"(X,7^)) 

ra=0 

7 \A:>1 fc<-l y X 

Here: 
and 

W,|m<o =exe*|l-e'^-l*l|-^ . 

This fits perfectly with the explicit formula ^ if all e^^ (k) = 1 and e^^ = 1. 
Namely if /(7p) = log A^p for p f oo and = Kp for p | oo, then we have: 

and 

= Wp on M* for the infinite places p . 
5) In the setting of the preceeding remark the automorphisms 

e-^'^^^T,^'''^^) ofT,J^ forxG7 

respectively 

— - t 

e '2Tx(j) of TxJ^ for a fixed point x 

are orthogonal automorphisms. For a real 2x2 orthogonal determinant O 
with det O = —1 we have: 

det(l - uO) = 1 - . 

The condition £^{k) = +1 therefore implies that det{Tx4>''^^"'^ \ T^T) is posi- 
tive for k > 1 and hence for all k £ "Z. The converse is also true. For a fixed 
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point we have already seen directly that det{Tx(l)^ \ TxJ-) is positive for all 
t G R. Hence we have the following information. 

Fact In the situation of the preceeding remark, £^(7) = +1 for all k G 
Z \ if and only if on T^J-' we have: 

Tx<p'^(y) = el'(^) . Ok for Ok € SO(r,.F) . 

For fixed points, = 1 is automatic and we have: 

Txcl)' = e^Ot for Ot G SO(r,.F) . 

In the number theoretical case the eigenvalues of Tx.(/>'°^^'' on TxJ- for 
a; G 7p would therefore be complex conjugate numbers of absolute value 
iVpi/2. If they are real then Tx4'^"^^^ would simply be mutliplication by 
zizNp^^'^. If not, the situation would be more interesting. Are the eigenvalues 
Weil numbers (of weight 1)? If yes there would be some elliptic curve over 
Ok/P involved by Tate-Honda theory. 

6) It would of course be very desirable to extend the hypotheses 17.51 to a 
conjectured equality of distributions on all of M. By theorem 15.31 we expect 
one contribution of the form 

XCo(-^,/") • So . 

The analogy with number theory suggests that there will also be somewhat 
complicated contributions from the fixed points in terms of principal values 
which are hard to guess at the moment. After all, even the simpler conjecture 
15. II has not yet been verified in the presence of fixed points! 

7) If there does exist a foliated dynamical system attached to spec Ok with 
the properties dictated by our considerations we would expect in particular 
that for a preferred transverse measure /i we have: 

XCo(^,At) = -log\dK/Q\ ■ 

This gives some information on the space X with its .F- foliation. If K/Q is 
ramified at some finite place i.e. if d/^/Q 7^ ±1 then XCol-^,/^) < 0. Now, 
since H'^{X,J^) must be one-dimensional, it follows that 

XCo (J-', i^) < for all non-trivial transverse measures v . 

Hence by a result of Candel [S] there is a Riemannian metric on TJ^, such 
that every .7^-leaf has constant curvature —1. Moreover (X, is isomorphic 
to 

0(if,X)/PS0(2) . 
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Here O {H, X) is the space of conformal covering maps u : H ^ N as N 
runs through the leaves of T with the compact open topology. See |H] for 
details. 

In the unramified case, |(iii-/(Q| = 1 we must have xcoiJ^,i^) = for all 
transverse measures by the above argument. Hence there is an ^-leaf which 
is either a plane, a torus or a cylinder c.f. [5]. 

7.7 In this final section we describe a simple case where the working hy- 
pothesis EU can be proved. 

Consider an unramified covering / : M ^ M of a compact connected 
orientable d-dimensional manifold M. We set 

M = lim(. . . ^ M ^ M ^ . . .) . 



Then M is a compact topological space equipped with the shift automor- 
phism / induced by /. It can be given the structure of a smooth solenoid 
as follows. Let M be the universal covering of M. For i G Z there exists a 
Galois covering 

Pi-. M — > M 

with Galois group Fj such that pi = pi^iof for all i. Hence we have inclu- 
sions: 

. . . C Fi+i C F, C . . . C Fo =: F ^ 7ri(M,xo) . 

Writing the operation of F on X from the right, we get commutative dia- 
grams for i > 0: 



M xp (F/Fi+i) 

id X proj 



M/Fi+i 

proj 



Pi+i 



Mxr(F/Fi) 
[ ■ follows that 

(36) Mxrf^M 
where F is the pro-finite set with F-operation: 

f = limF/Fi . 



M 



M 



The isomorphism ()36() induces on M the structure of a smooth solenoid with 
respect to which / becomes leafwise smooth. 
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Fix a positive number / > and let A = K C M act on M as follows: 
\ = Iv acts by . Define a right action of A on M x M by the formula 

(m, t) • A = (-A • m, t + A) = {r^l\m),t + A) . 

The suspension: 

X = MxAM = (Mxrr)xAK 

is an a = d + 1-dimensional smooth solenoid with a one-codimensional fo- 
liation T as in 17.21 The leaves of J- are the images in X of the manifolds 
M X {7} X {t} for 7 G r and t G R. Translation in the R-variable 

defines an .7^-compatible flow (j) on X which is everywhere transverse to the 
leaves of J- and in particular has no fixed points. 
The map 

7' — >7Af = 7n(M xaA) 

gives a bijection between the closed orbits 7 of the flow on X and the finite 
orbits 7m of the /- or A-action. These in turn are in bijection with the finite 
orbits of the original /-action on M. We have: 

^7) = \im\1 ■ 

Theorem 7.8 In the situation of \7. 1\ assume that all periodic orbits of (p 
are non- degenerate. Let Sp"(0) denote the set of eigenvalues with their 
algebraic multiplicities of the infinitesimal generator Q of (p^* on H'^{X,TZ). 
Then the trace 

Tr(,/.*|F"(X,7e)) := 

AeSp"(0) 

defines a distribution on M and the following formula holds true in D'(M).' 

dim 

(-l)"Tr(0* I H^{X,n)) = XCo(.F,/x) • 60 + 

n=0 

7 \k>l k<-l J 

Here 7 runs over the closed orbits of (p and in the sum over k 's any point 
X G 7 can be chosen. Moreover xcoi^, fJ-) is the Connes' Euler characteristic 
of T with respect to a certain canonical transverse measure /u. Finally we 
have the formula: 

XCo{J',f^)=x{M)-l . 
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A more general result is proved in j31j . 

Example Let E/¥p be an ordinary elliptic curve over Fp and let C/F be a 
lift of to a complex elliptic curve with CM by the ring of integers Ok in 
an imaginary quadratic field K. Assume that the Frobenius endomorphism 
of E corresponds to the prime element vr in ok- Then vr is split, vrvf = p and 
for any embedding Q; C C, Z 7^ p the pairs 

{Hr^{E^¥p,Qi)(^C,FToh*) and {H*{C/T,C),Tr*) 

are isomorphic. Setting M = C/T, f = n we are in the situation of 17.71 and 
we find: 

X = (C xrT^r) xaK . 

Here 

T^r = limr/vrT ^ Zp 

is the vr-adic Tate module of C/T. It is isomorphic to the p-adic Tate module 
of E. 

Setting / = logp, so that A = (logp)Z and passing to multiplicative time, 
X becomes isomorphic to 

X^{C xrT^F) Xpz R\_ 

which may be a more natural way to write X. Note that p'^ acts on C xpT^F 
by diagonal multiplication with n'^ . It turns out that the right hand side of 
the dynamical Lefschetz trace formula established in theorem 17. 81 equals the 
right hand side in the explicit formulas for Ce(s)- Moreover the metric g on 
TJ^ given by 

9[z,y,t]{tv) = e'ReiCv) for [z,y,t] in (C xrT^F) xaM 

satisfies the conformality condition (|2()|) for a = 1. The construction of 
{X, (/)*■) that we made for ordinary elliptic curves is misleading however, 
since it almost never happens that a variety in characteristic p can be lifted 
to characteristic zero together with its Frobenius endomorphism. 

Our present dream for the general situation is this: To an algebraic 
scheme X /Z one should first attach an infinite dimensional dissipative dy- 
namical system, possibly using GLqo in some way. The desired dynamical 
system should then be obtained by passing to the finite dimensional compact 
global attractor, c.f. [22] Part I. 
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8 Arithmetic topology and dynamical systems 

In the sixties Mazur and Manin pointed out intriguing analogies between 
prime ideals in number rings and knots in 3-manifolds. Let us recall some 
of the relevant ideas. 

In many respects the spectrum of a finite field Fg behaves like a topo- 
logical circle. For example its etale cohomology with Z^-coefficients for / f q 
is isomorphic to in degrees and 1 and it vanishes in higher degrees. 

Artin and Verdier _3_ have defined an etale topology on spec Z = 
specZ U {oo}. In this topology specZ has cohomological dimension three, 
up to 2-torsion. 

The product formula 

Yl \a\p = 1 for a G Q* , 

p<oo 

allows one to view specZ as a compact space: Namely in the function field 
case the analogue of the product formula is equivalent to the formula 

^ord,./ = 

X 

on a proper curve Xo/Fq. Here x runs over the closed points of Xq and 

feWqiXo)*. 

By a theorem of Minkowski there are no non-trivial extensions of Q 
unramified at all places p < oo. Thus 

7ri(specZ) = . 

Hence, by analogy with the Poincare conjecture, Mazur suggested to think 
of specZ as an arithmetic analogue of the 3-sphere S^. Under this analogy 
the inclusion: 

spec ¥p ^ spec Z 

corresponds to an embedded circle i.e. to a knot. 

The analogue of the Alexander polynomial of a knot turns out to be 
the Iwasawa zeta function. One can make this precise using p-adic etale 
cohomology for schemes over specZ(p). 

More generally, for a number field K consider 

spec Ok = spec Ok U {p | oo} 
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together with its Artin-Verdier etale topology. Via the inclusion 

specOi^-Zp ^ spec Ok 

we may imagine a prime ideal p as being analogous to a knot in a compact 
3-manifold. 

This nice analogy between number theory and three dimensional topol- 
ogy was further extended by Reznikov and Kapranov and baptized Arith- 
metic Topology. The reader may find dictionaries between the two fields in 
inni and HJ. Further analogies were contributed in j^l] and |SH| for exam- 
ple. In particular Ramachandran had the idea that the infinite primes of 
a number field should correspond to the ends of a non-compact manifold - 
the analogue of specOi^-. 

The arguments in the preceeding sections also lead to the idea that prime 
ideals p in Ok are knots in a 3-space. Namely, as we have seen a phase space 
(spec Oi^)dyn corresponding to spec Ok would be three dimensional. After 
forgetting the parametrization of the periodic orbits the prime ideals can 
thus be viewed as knots in a 3-space. 

It appears that the (sheaf) cohomology of (spec Ox)dyn with constant 
coefficients should play the role of an arithmetic as opposed to geometric 
cohomology theory for spec Ok- In particular it would have cohomological 
dimension three. We wish to compare this as yet speculative theory with the 
/-adic cohomology of spec Ok- More precisely we compare Lefschetz numbers 
of certain endomorphisms on these cohomologies. 

In order to do this we first calculate the Lefschetz number of an auto- 
morphism a of K on the Artin-Verdier etale cohomology of spec Ok- 

Next we prove a generalization of Hopf's formula to a formula for the 
Lefschetz number of an endomorphism of a dynamical system on a manifold. 

Assuming our formula applies to ((spec Ox)dyn) we then obtain an ex- 
pression for the Lefschetz number of the automorphism on -f^jyn (spec o_ft: , M) 
induced by a. 

As it turns out, the two kinds of Lefschetz numbers agree in all cases, 
even when generalized to constructible sheaf coefficients. This result was 
prompted by a question of B. Mazur on the significance of etale Euler char- 
acteristics in our dynamical picture. 

We first recall a version of etale cohomology with compact supports of 
arithmetic schemes that takes into account the fibres at infinity. Using this 
theory we reformulate the main result of ^2 on ^-adic Lefschetz numbers 
of /-adic sheaves on arithmetic schemes as a vanishing statement. This 
formulation was suggested by Faltings in his review of jj^l- We also 
calculate Z-adic Lefschetz numbers on arithmetically compactified schemes. 
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Let the scheme lAj'L be algebraic i.e. separated and of finite type and 
set = U^/G-R where Uq. = U ®i C and the Galois group Gr of M acts 
on by complex conjugation. We give lAoo the quotient topology of ■ 

Artin and Verdier j3| define the etale topology on ^ = ^YII^oo as follows. 
The category of "open sets" has objects the pairs 

{f : W ^ U, D') where / is an etale morphism and D' C is open. The 
map /oo : D' Uoo induced by / is supposed to be "unramified" in the 
sense that foo{D') G U{R) if and only if D' E U'{R). Note that U{R) is a 
closed subset of Uoo ■ 
A morphism 

is a map W U" commuting with the structure maps and such that the 
induced map — > U'^ carries D' into D" . Coverings are the obvious ones. 
Fullback defines morphisms of sites: 

Uet l^et ^oo • 

Let ~ denote the corresponding categories of abelian sheaves. One proves 
that Z^^t is the mapping cone of the left exact functor 

In particular we have maps v and j\ at our disposal. Let us describe the 
functor explicitely. Let a : — > U^t be the canonical map of sites. 
Note that q:*F is a GR-sheaf on for every sheaf F on Uet- If tt : ~^ ^oo 
denotes the natural projection, define the left exact functor 

TT^* : (abelian Gu-sheaves on U^) — > Uoo 

by 

^f*(G)(y) = GiTr^\V)f^ . 
Then one can check that 

In particular we see that 

It follows that for n > 1 the sheaf R^j^,F = i^,i*R^i^F is 2-torsion with 
support on U (M) C Uoo as stated in . In particular 

(37) Hl{U,j,F) Hl{U,Rj,F) = Hg{U,F) 
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is an isomorphism up to 2-torsion for n > 1 (and an isomorphism for n = 0). 

Let us now define cohomology with compact supports for schemes X 
which are proper over specZ. We define: 

H^{X,F) ■.= H^X,jrF). 

The distinguished triangle 

jU*G' — >G' — > ui*G' — > ... 

for complexes of sheaves G' on X applied to G' = Rj^F gives the triangle 

jlF Rj,F iJ*Rj,F . . . 

From this one gets an exact sequence 

H^{X, F) H'^iX, F) H^^iXocfRj^F) . . . 

We have i*Rj^. = Rir^^oa* and 

H''{X^,i*Rj,F) = F"(A'oo,i?vrf«(a*F)) 
= H^{GM,RT{Xl'',a*F)) 
(38) = H^{Xi\a*F). 

Here, for any Gft-sheaf G on a complex analytic space Y with a real structure 
we set: 

H"{Y^,G) = H^{Gu,RriY,G)) . 
In conclusion we get the long exact sequence: 

H^{X, F) H'^iX, F) H'^iX^'', a*F) . . . 

An endomorphism (u, e) of the pair {X,F) is a morphism a : X ^ X 
together with a homomorphism e : a*F F of Q/-sheaves. It induces 
pullback endomorphisms on H^{X, F) and H"-{X, F) and on H^{X^^, a*F). 
For an endomorphism of a finite dimensional graded vector space H' we 
will abbreviate the Lefschetz number as follows: 



Tr{^\H'):=^i-iyTriip\W). 



The following theorem is a reformulation of results in J2] . They are based 
on algebraic number theory and in particular on class field theory. 
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Theorem 8.1 Let (cr, e) he an endomorphism of {X,F) as above, 1^2. 
The cohomologies H'{X,F) and H*{X,F) are finite dimensional and we 
have: 

(39) Tr{{a,er\H',{X,F))=0. 

Furthermore we have 

(40) TV((a, e)* \ H'(X,j,F)) = TV((a, e)* \ H\Xl^, a*F)) . 

If in addition X is generically smooth and the fixed points x of u on are 
non- degenerate in the sense that det(l — T^u \ T^i^X (g) M)) is non-zero then 
we have: 

(41) 'IV(((7,e)* I H'(X,j,F)) = J2 I {»*Fh)ex{(T) • 

ax=x 

Here 

e^{a) = sgn det(l - Ta^a \Ta:{X ^ R)) . 

The following assertion is an immediate consequence of the theorem. 

Corollary 8.2 Let a be an endomorphism of a scheme X proper over specZ. 
Then we have for any 1^2: 

(42) Tr{a*\H',{X,qi)) = 
and 

(43) x{H'(X,j,Qi)) = x{H'iXi^,Qi)) ■ 

If in addition X has a smooth generic fibre and the fixed points of a on X^ 
are non- degenerate we have: 

(44) 'IV(a* I H'{X,j,qi)) = • 

<TX = X 

8.3 We now explain analogies and an interesting difference with the case 
of varieties over finite fields. For a variety X/¥q with an endomorphism a 
of X over ¥q and a constructible Q^-sheaf F on X with an endomorphism 
e : a*F — F we have 

(45) Tr((a,e)*|i/-(X,F)) = 
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and 



(46) Tv{{a,er\H'{X,F))=0. 

Contrary to the number field case these assertions are easy to prove. E.g. 
for the first one, set X = X <^ ¥g, F = F |^. The Hochschild-Serre spectral 
sequence degenerates into short exact sequences: 

H\¥„H^-\X,F)) H^{X,F) H\¥,,H^{X ,F)) . 

Moreover for every Gp^-module M there is an exact sequence: 

— > H^(¥q, M) — > M M — > H^{¥q, M) — > 

where (/? is a generator of Gf, • This implies (|45j) and (|4(i)) follows similarly 
since all groups are known to be finite dimensional. 

Now in the number field case, according to Theorem l8 . II (|.S9)) the analogue 
of H45|l is valid. In particular, for any finite set S of prime ideals in we 
have 

(47) x(-ffc(specOi^,s,Q/)) = 0. 

The analogue of (|46|) however is not valid in general: From Theorem 18.11 
H4U() it follows for example that 

(48) x(-f^*(spec Ox, j*Qi) = number of infinite places of K . 

The fact, that in H47|) the Euler characteristic is unchanged if we increase S 
i.e. take out more finite places p follows directly from the fact that 

x(/^*(spec(ox/p),Qi)) = 0. 

The topological intuition behind this equation is that finite primes are like 
circles (whose Euler characteristic also vanishes). The difference between 
(|47j) and (|48|) comes from the different nature of the infinite places. Coho- 
mologically the complex places behave like points and the real places behave 
like the "quotient of a point by Gr" . 

8.4 In this section we prove a formula for Lefschetz numbers of finite order 
automorphisms of dynamical systems. We also allow certain constructible 
sheaves as coefficients. 
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Let us consider a complete flow ^* on a compact manifold X. Assume 
that for every fixed point x there is some Sx > such that 

det(l - Tr^* I T^X) ^0 for < t < . 

This condition is weaker than non-degeneracy. Still it implies that the fixed 
points are isolated and hence finite in number. 

We also assume that the lengths of the closed orbits are bounded below 

by some e > 0. 

Let a be an automorphism of finite order of X which commutes with all 
i.e. an automorphism of (X, cj)) . Consider a constructible sheaf of Q - or R- 
vector spaces on X together with an endomorphism e : a~^F F. We also 
assume that there is an action -0* over (f)'' i.e. isomorphisms '0* : {(f)'')~^F — ^ F 
for all t satisfying the relations 

■0° = id and V*' "^^^ = V*^ ° (<?^*^ ) ~ ^ ("0*' ) for all i i , t2 € M . 
For constant F there is a canonical action 

Note that a and e determine an endomorphism (a, e)* of H'{X, F). 
Let us say that a point x £ X is (p-&x if (f>^(x) = x for all t G M. 
Then we have the following formula: 

Theorem 8.5 Tr{{a, e)* \ H'{X, F)) = ^ Tr{ex \ Fx)ex{a) 

xGX,^ — fix 
ax=x 

where 

= limsgn det(l - T^{(t>'a) \ T^X) . 

t>0 

Proof Assume AT > 1 is such that = 1 and fix some s with 

< s < N^^ mina;gx,(i-fix(e! <^s)- If is any point of X with (0*(t)(.t) = x, 
then = X and hence (f)^^{x) = x. If x lay on a periodic orbit 7 

then < Ns and hence e < Ns contrary to the choice of s. Thus x is 
a fixed point of (j). Because of (j)^{x) = x we have ax = x as well. If 1 is 
an eigenvalue of Tx{(t)^(y) then 1 is an eigenvalue of (Ta;((/>*cr))^ = T^ct)^^ as 
well. Thus Nt > 5x- By assumption on s we have As < 6x and therefore 

det(l-r^(<^V)|T,A) / O. 

In conclusion: the fixed points of the automorphism (j)^a coincide with those 
fixed points of the flow cf) which are also kept fixed by a. They are all 
non-degenerate. 
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Consider the morphisms for t G M 

e^ = eofT-^(V'*) : — > F . 

The Lefschetz fixed point formula for the endomorphism {(p^cr, Cs) of {X, F) 
for a fixed s as above now gives the formula: 

TT{{(j)'a,esr\H'{X,F))= TV((e,),. | F,)sgn det(l-r,((/>V) | T^X) . 

ax — x 

The left hand side is defined for all s in M and by homotopy invariance of 
cohomology it is independent of s. Passing to the limit s ^ for positive s 
in the formula thus gives the assertion. □ 

Corollary 8.6 Let {X,4>\a) be as in theorem \8.5\ and let U C X be open, 
4>- and a-invariant. Assume that X \ U is a compact submanifold of X. 
Consider a constructible sheaf F of Q- or M-vector spaces on U with an 
endomorphism e : a~^F — > F and an action ^* over f/)^ \ u- Then we have: 

Tr{{a,er\H;{U,F))= ^ Tr(e,. | F,)e,(a) . 

x^U,4> — fix 

In particular 

Tr{{a,er\H-{U,F))=0 

if (f) has no fixed points on U . 

Proof Applv l831 to {X,j\F), where j : U ^ X is the inclusion. □ 

8.7 We now compare arithmetic and dynamic Lefschetz numbers. This 
section is of a heuristic nature: we assume that a functor U i— > (Z//dyn,0*) 
from flat algebraic schemes over specZ to dynamical systems exists, with 
properties as described before. We consider various cases. 

2.7.1 Let fj be a finite order automorphism of a scheme X proper and flat 
over specZ. The induced automorphism a of ^dyn is an automorphism of 
(Adyn,^*) and hence commutes with each As we have seen, the phase 
space A'dyn cannot be a manifold. Still let us assume that the assertion of 
corollary 18.61 applies to 

([/, 4>\ a, F, e, i;') = {X^yn, 4>\ Q, id, id) . 
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Then we find 

Tr(a*|/f-(;fdyn,Q)) = 
in accordance with formula (|42() since should have no fixed points on 

2.7.2 Now consider the case where in addition X has a smooth generic fibre 
and the fixed points of a on X^o are non-degenerate. Under assumptions as 
above, from corollarv 18.61 applied to 

{U, 4>\ a, F, e, = (Xdyn, 4>\ ^, J*Q, id, id) 
we would get a formula corresponding to H44|) : 

(49) Tr(a* | H'(Xi^^,jM) = ^ e^{a) . 

ax — x 

Here we have used that the fixed point set of 0* on A'dyn should be X{C) / = 
Xoo- Namely, in the case oi X = spec Ok, this is the set of archimedean val- 
uations of K. For general X we only have the following argument: The set 
of closed points of X over p can be identified with the set X{¥p)/ (FiCp) of 
Frobenius orbits on X{¥p). Thus the set of closed orbits of (^^dym 0*) would 
be in bijection with the union of all X{¥p)/{Fip). Correspondingly it looks 
natural to assume that the set of fixed points of (j) would be in bijection with 
X[C)/{Foo) = where the infinite Frobenius -Fqo : X{C) X{C) acts by 
complex conjugation. 

Actually the comparison of formulas (|43|) and (|49|) lends further credi- 
bility to this idea. 

The different definitions of ex{(7) in and (|l9|) should agree. 
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